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Applications for 2020: Technical Questions

Problem 1. Each night, a princess is equally likely to sleep on anything from six to twelve mattresses. On half
of the nights of the year, a pea is placed underneath the lowest mattress. She never falls asleep if a pea is placed
underneath a pile of six mattresses. If the pea is placed underneath seven mattresses, she sleeps wonderfully
one night out of ten; under eight mattresses, she sleeps well two out of ten nights; and so on, until if the pea is
placed underneath the full twelve mattresses, she sleeps well six out of ten nights. One morning, when her good
friend Bayes woke her up, she said that she had slept incredibly well that night! What is the expected number
of mattresses upon which she slept?

Problem 2. Determine the first and second derivative with respect to x of: f(x) =
1

1 + e−x
.

Problem 3. If I break a stick of unit length into three random pieces, what is the expected length of the
largest piece? (You may need to state the assumptions that you make.)

Problem 4. The twenty-first century began on 1 January 2001 (a Monday) and will end on 31 December
2100 (a Friday). What percentage of twenty-first century Wednesdays fall on the last day of a month? (This
question requires some coding.)

Problem 5. Suppose that M is an m ×m matrix with entries Mij ≥ 0 such that
∑m

i=1 Mij = 1 for each of
the columns j = 1, . . . ,m. Show that 1 is an eigenvalue of Mk for any k ∈ N.

Problem 6. A factory that makes light bulbs contains three machines. The machines manufacture 20%, 30%
and 50% of the total production. From their production, 5%, 4%, and 2% respectively are faulty. I choose a
collection of light bulbs at random from the output.

• If the collection contains two faulty light bulbs, what is the probability that they come from the same
machine?

• If the collection contains three faulty light bulbs, what is the probability that they come from three
different machines?

Problem 7. If w ∈ Rd and x ∈ Rd, and f(w) = sin(xTw), find expressions for
∂f(w)

∂w
and

∂2f(w)

∂w∂wT
.

Problem 8. What are the values of the constants a, b and c if one writes the following expression in the form
a(x− b)2 + c?

3x2 − 4x + 5

Problem 9. Consider n chords on a circle, each defined by its endpoints. Describe an O(n log n)-time algo-
rithm to determine the number of pairs of chords that intersect inside the circle. (For example, if the n chords
are all diameters that meet at the center, then the correct answer is

(
n
2

)
). Assume that no two chords share an

endpoint.

Problem 10. The number 216 = 65536 has five digits, and the digit “5” occurs twice in this number. How
many digits does the number 22020 have, and how many times does the digit “5” occur in this number? (See if
you can do this under the assumption that your computer can only work with relatively small integers.)


